Abstract. In this paper, we discuss the normality of the toric rings of stable set polytopes, and the set of generators and Gröbner bases of toric ideals of stable set polytopes by using the results on that of edge polytopes of finite nonsimple graphs. In particular, for a graph of stability number two, we give a graph theoretical characterization of the set of generators of the toric ideal of the stable set polytope, and a criterion to check whether the toric ring of the stable set polytope is normal or not. One of the application of the results is an infinite family of stable set polytopes whose toric ideal is generated by quadratic binomials and has no quadratic Gröbner bases.
Introduction
Let P ⊂ R n be an integral convex polytope, i.e., a convex polytope each of whose vertices has integer coordinates, and let P ∩ Z n = {a 1 , . . . , a m }. Let K[X, X −1 , t] = K[x 1 , x −1 1 , . . . , x n , x −1 n , t] be the Laurent polynomial ring in n + 1 variables over a field K. Given an integer vector a = (a 1 , . . . , a n ) ∈ Z n , we set X a t = x a 1 1 · · · x an n t ∈ K[X, X −1 , t]. Then, the toric ring of P is the subalgebra K[P] of K[X, X −1 , t] generated by {X a 1 t, . . . , X am t} over K. We regard K[P] as a homogeneous algebra by setting each deg X a i t = 1. The toric ideal I P of P is the kernel of a surjective homomorphism π : K[y 1 , . . . , y m ] → K[P] defined by π(y i ) = X a i t for 1 ≤ i ≤ m. It is known that I P is generated by homogeneous binomials and reduced Gröbner bases of I P consist of homogeneous binomials. See, e.g., [20] . The following properties on an integral convex polytope P have been investigated by many papers on commutative algebra and combinatorics:
(i) P is unimodular, i.e., any triangulation of P is unimodular (The initial ideal of I P is generated by squarefree monomials with respect to any monomial order); (ii) P is compressed, i.e., any "pulling" triangulation is unimodular (The initial ideal of I P is generated by squarefree monomials with respect to any reverse lexicographic order); (iii) P has a regular unimodular triangulation (There exists a monomial order such that the initial ideal of I P is generated by squarefree monomials); (iv) P has a unimodular triangulation; (v) P has a unimodular covering; (vi) P is normal, i.e., K[P] is normal.
The hierarchy (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ⇒ (v) ⇒ (vi) is known. See, e.g., [20] for details. However, the converse of each of the five implications is false. On the other hand, the following properties on I P are studied by many authors:
(a) I P has a quadratic Gröbner bases; (b) K[P] is Koszul algebra; (c) I P is generated by quadratic binomials.
The hierarchy (a) ⇒ (b) ⇒ (c) is known. However, the converse of each of the two implications is false. See, e.g., [ 13, Examples 2.1 and 2.2] and [21] .
The purpose of this paper is to study such properties of toric rings and ideals of stable set polytopes of simple graphs. Let G be a finite simple graph on the vertex set [n] = {1, 2, . . . , n} and let E(G) denote the set of edges of G. Given a subset W ⊂ [n], we associate the (0, 1)-vector ρ(W ) = j∈W e j ∈ R n . Here, e i is the ith unit coordinate vector of R n . In particular, ρ(∅) is the origin of R n . A subset W is called stable if {i, j} / ∈ E(G) for all i, j ∈ W with i = j. Note that the empty set and each single-element subset of [n] are stable. Let S(G) denote the set of all stable sets of G. The stable set polytope (independent set polytope) of a simple graph G is the (0, 1)-polytope Q G ⊂ R n which is the convex full of {ρ(W ) : W ∈ S(G)}. Stable set polytopes are very important in many areas, e.g., optimization theory. On the other hand, several results are known for the toric ring K[Q G ] and ideals I Q G of the stable set polytope Q G of a simple graph G.
(1) For a graph G, the stable set polytope Q G is compressed if and only if G is perfect ( [5, 15, 22] In the present paper, we study the normality of the toric rings of stable set polytopes, and the set of generators and Gröbner bases of toric ideals of stable set polytopes by using the results on that of edge polytopes of finite (nonsimple) graphs. Here, the edge polytope P G ⊂ R n of a graph G allowing loops and having no multiple edges is the convex full of {e i + e j : {i, j} is an edge of G} ∪ {2e i : there is a loop at i in G}. This paper is organized as follows. In Section 1, fundamental properties of K[Q G ] and I Q G are studied. In particular, the relationship between the stable set polytopes and the edge polytopes are given (Lemma 1.7). In addition, it is shown that Q G is unimodular if and only if the complement of G is bipartite (Proposition 1.8). We also point out that, by the results in [2] , it is easy to see that I Q G has a squarefree quadratic initial ideal if G is either a chordal graph or a ring graph (Proposition 1.4). In Section 2, we discuss the normality of the stable set polytopes. We prove that, for a simple graph G of stability number two, Q G is normal if and only if the complement of G satisfies the "odd cycle condition" (Theorem 2.1). Using this criterion, we construct an infinite family of normal stable set polytopes without regular unimodular triangulations (Theorem 2.2). For general simple graphs, some necessary conditions for Q G to be normal are also given. In Section 3, we study the set of generators and Gröbner bases of toric ideals of stable set polytopes. It is shown that, for a simple graph G of stability number two, the set of binomial generators of I Q G is described by the even closed walk of a graph (Theorem 3.2). If G is bipartite and if I Q G is generated by quadratic binomials, then I Q G has a quadratic Gröbner basis (Corollary 3.4). Finally, using the results on normality, generators, and Gröbner bases, we give an infinite family of nonnormal stable set polytopes whose toric ideal is generated by quadratic binomials and has no quadratic Gröbner bases (Theorem 2.2).
Fundamental properties of the stable set polytopes
In this section, we give some fundamental properties of K[Q G ] and I Q G . In particular, a relation between the stable set polytopes and the edge polytopes is discussed. The stability number α(G) of a graph G is the cardinality of the largest stable set.
Thus, it is enough to study stable set polytopes of connected simple graphs G such that α(G) ≥ 2. The notion of toric fiber products [23] is a generalization of the Segre product. It is known [2] that we can apply the theory of toric fiber products to the toric rings of stable set polytopes. For i = 1, 2, let G i be a simple graph on the vertex set V i and the edge set E i . If V 1 ∩ V 2 is a clique of both G 1 and G 2 , then we construct a new graph G 1 ♯G 2 on the vertex set V 1 ∪ V 2 and the edge set E 1 ∪ E 2 which is called the clique sum of G 1 and 
A simple graph G is called chordal if any induced cycle of G is of length 3. A ring graph is a graph whose block which is not a bridge or a vertex can be constructed from a cycle by successively adding cycles of length ≥ 3 using the edge sum construction. Ring graphs are introduced in [3, 4] and the toric ideals of cut polytopes of ring graphs are studied in [8] .
Proposition 1.4. Suppose that a simple graph G is either a chordal graph or a ring graph. Then, I Q G has a squarefree quadratic initial ideal.
Proof. It is known that a graph G is chordal if and only if G is a clique sum of complete graphs. By the statement in Example 1.1 and Proposition 1.3, I Q G has a squarefree quadratic initial ideal if G is chordal.
Suppose that G is a ring graph. Then, G is a clique sum of trees and cycles. Since trees and cycles are almost bipartite, by [2, Theorem 8.1], the toric ideal I Q H has a squarefree quadratic initial ideal if H is either a tree or a cycle. Thus, by Proposition 1.3, I Q G has a squarefree quadratic initial ideal if G is a ring graph.
A graph G is called perfect if the chromatic number of every induced subgraph of G equals the size of the largest clique of that subgraph. See, e.g., [1] . The following is known ( [5, 15, 22] For a graph G, let G ⋆ be the nonsimple graph on the vertex set [n + 1] whose edge (and loop) set is E(G) ∪ {{i, n + 1} : i ∈ [n + 1]}. The following lemma will play an important role when we study the stable set polytope Q G of G.
. . , n, and ϕ(x k x ℓ t) = x k x ℓ for each stable set {k, ℓ} of G. Note that {k, ℓ} is a stable set of G if and only if {k, ℓ} is an edge of G. Hence, the image of ϕ is K[P G ⋆ ]. Suppose that G is bipartite. Then, G has no odd cycles. Hence, any odd cycle of G ⋆ has the vertex n + 1. (Note that {n + 1, n + 1} is an odd cycle of length 
The first application of Lemma 1.7 is as follows: Proposition 1.8. Let G be a simple graph. Then, the following conditions are equivalent:
are also equivalent to conditions (i) and (ii).
Proof. We may assume that G is not complete (i.e., G is not empty and α(G) = 1). Let A be the matrix whose columns are vertices of Q G and let
Then, B is a submatrix of A. Since | det(B)| = 1, it is known [20, p.70 ] that Q G is unimodular if and only if the absolute value of any nonzero (n + 1)-minor of the matrix A is 1. Suppose that G is not bipartite. Then, G has an odd cycle C = (i 1 , . . . , i 2ℓ+1 ). The the absolute value of the (n + 1)-minor of A that corresponds to
. . , i 2ℓ+1 }} equals to 2. Hence, Q G is not unimodular. Thus, we have (i) ⇒ (ii). Suppose that G is bipartite. By Lemma 1.7, there exists a bipartite graph H such that
It is well-known that the edge polytope of a bipartite graph is unimodular. Thus, P H is unimodular and hence we have (ii) ⇒ (i).
Suppose that α(G) = 2. By Proposition 1.5, conditions (iii) and (iv) are equivalent. In addition, by Proposition 1.6, conditions (ii) and (iv) are equivalent.
We close this section with the fundamental fact on stable set and edge polytopes. Proposition 1.9. Let G ′ be an induced subgraph of a graph G. Then,
By Proposition 1.9, a lot of the properties of
; for example, the normality of the toric ring, the existence of a squarefree initial ideal, the existence of a quadratic Gröbner basis, the existence of the set of quadratic binomial generators of the toric ideal. See [10] .
Normality of stable set polytopes
In this section, we study the normality of stable set polytopes. The normality of an edge polytope studied in [11, 19] will play an important role. If C 1 and C 2 are cycles in a graph G, then an edge {i, j} of G is called a bridge of C 1 and C 2 if i is a vertex of C 1 \ C 2 and if j is a vertex of C 2 \ C 1 . We say that a graph G satisfies the odd cycle condition if, for arbitrary two induced odd cycles C 1 and C 2 in G, either C 1 and C 2 have a common vertex or there exists a bridge of C 1 and C 2 . For the sake of simpleness, assume that a graph H has at most one loop. Then, it is known [11, 19] It is known [12] that there exists a graph G such that P G is normal and that I P G has no squarefree initial ideals. In [9] , infinite families of such edge polytopes are given. We can construct the stable set polytopes with the same properties. Let  G 1 (p 1 , . . . , p 5 ) be a graph defined in [9, Theorem 3.10]. G 1 (p 1 , . . . , p 5 ) with p i ≥ 2 for i = 1, . . . , 5. Then, Q G is normal and I Q G has no squarefree initial ideals.
Theorem 2.2. Let G be a graph whose complement is
Proof. Since G has no triangles, we have α(G) = 2. Since G 1 (p 1 , . . . , p 5 ) satisfies the odd cycle condition, Q G is normal by Theorem 2.1. On the other hand, I G has no squarefree initial ideals. Since G is an induced subgraph of G ⋆ , I Q G has no squarefree initial ideals by Lemma 1.7 and Proposition 1.9.
It seems to be a challenging problem to characterize the normal steble set polytopes with large stability number. We give several necessary conditions. The following is a consequence of Proposition 1.9 and Theorem 2.1.
Proposition 2.3. Let G be a simple graph. Suppose that Q G is normal. Then, any two odd holes of G without common vertex have a bridge in G.
Proof. Suppose that two odd holes C 1 , C 2 of G without common vertices have no bridges in G. Let H be an induced subgraph of G whose vertex set is that of C 1 ∪C 2 . Then, α(H) = 2 and hence Q H is not normal by Theorem 2.1. Thus, Q G is not normal by Proposition 1.9.
Similar conditions are required for antiholes of G. Since k, ℓ ≥ 2, we have kℓ − k − ℓ ≥ 0. Hence,
belongs to Q ≥0 A ∩ Z n+1 . However, this vector is not in Z ≥0 A since max{|W | : W ∈ S(C 1 )} = k, max{|W | : W ∈ S(C 2 )} = ℓ, and ⌈(2k + 1)/k⌉ + ⌈(2ℓ + 1)/ℓ⌉ = 6 > 5.
(ii) Let C 1 = (i 1 , . . . , i 2k+1 ) and C 2 = (j 1 , . . . , j 2ℓ+1 ) be odd antiholes in G of length ≥ 7 having exactly one common vertex i 1 = j 1 and no bridges in G. By Proposition 1.9, we may assume that G = C 1 ∪ C 2 . Let
Since k, ℓ ≥ 3, we have 0 < 1/(k − 1) + 1/(ℓ − 1) ≤ 1. Hence,
We may assume that W 1 , W 2 ∈ S(C 1 ) and W 3 , W 4 , W 5 ∈ S(C 2 ). It then follows that
p=2 e ip , and hence ρ( C 1 = (i 1 , . . . , i 2k+1 ) be an odd hole and C 2 = (j 1 , . . . , j 2ℓ+1 ) an odd antihole in G having no common vertices. By Proposition 1.9, we may assume that 
belongs to Q ≥0 A ∩ Z n+1 . However, this vector is not in Z ≥0 A since max{|W | : W ∈ S(C 1 )} = 2, max{|W | : W ∈ S(C 2 )} = ℓ, and ⌈(2k + 1)/2⌉ + ⌈(2ℓ + 1)/ℓ⌉ = k + 4 > k + 3.
Unfortunately, the above conditions are not sufficient to be normal in general. For example, if the length of the two odd antiholes of G without common vertices are long, then a lot of bridges in G seem to be needed.
Generators and Gröbner bases of I Q G
For a toric ideal I, let µ(I) be the maximum degree of binomials in a minimal set of binomial generators of I. If I = {0}, then we set µ(I) = 0. In this section, we study µ(I Q G ) by using results on the toric ideals of edge polytopes.
Let G be a graph on the vertex set [n] allowing loops and having no multiple edges. Let E(G) = {e 1 , . . . , e m } be a set of all edges and loops of G. The toric ideal I P G is the kernel of a homomorphism π : K[y 1 , . . . , y m ] → K[x 1 , . . . , x n ] defined by π(y i ) = x k x ℓ where e i = {k, ℓ}. A walk of length q of G connecting v 1 ∈ [n] and v q+1 ∈ [n] is a finite sequence of the form
with each {v k , v k+1 } ∈ E(G). An even (resp. odd) walk is a walk of even (resp. odd) length. A walk Γ of the form (1) is called closed if v q+1 = v 1 . Given an even closed walk Γ = (e i 1 , e i 2 , . . . , e i 2q ) of G, we write f Γ for the binomial
We regard a loop as an odd cycle of length 1. It is known ( [13, 20, 24] ) that The following theorem implies that the set of binomial generators of I Q G is also characterized by the graph theoretical terminology if α(G) = 2. (i) Γ = ({i, j}, {j, k}, {k, n+1}, {n+1, i}) is a cycle where {i, j}, {j, k} ∈ E(G);
(ii) Γ = ({i, j}, {j, n + 1}, {n + 1, n + 1}, {n + 1, i}) where {i, j} ∈ E(G). In particular, µ(I Q G ) = max{µ(I P G ), 2}.
Proof. Let Γ be an even closed walk of G ⋆ . It is enough to show that f Γ ∈ I P G ⋆ belongs to I P G + J. Suppose that f Γ does not belong to I P G + J. Then, the vertex n + 1 belongs to Γ. We may assume that the degree of f Γ is minimum among such binomials. Then, f Γ is irreducible. Let
Since f Γ is irreducible, it follows that p, q, r are distinct each other and that q = n+1. Then, f Γ is generated by f Γ 1 and f Γ 2 where Γ 1 = ({n + 1, p}, {p, q}, {q, r}, {r, n + 1}) and Γ 2 = ({n+1, r}, Γ ′ ). Since deg f Γ 2 < deg f Γ , the binomial f Γ 2 belongs to I P G +J by the assumption on deg f Γ . Moreover, Γ 1 satisfies one of the conditions (i) or (ii) and hence f Γ 1 ∈ J. Thus, we have
Remark 3.3. A graph theoretical characterization of a simple graph G such that µ(I P G ) ≤ 2 is given in [13] . By Theorem 3.2, the characterization [13, Theorem 1.2] gives a graph theoretical characterization of a simple graph G such that α(G) = 2 and
It is known [2, Theorem 7.4 ] that, if the complement of a graph G is an even cycle of length 2k, then we have µ(I Q G ) = k. By Theorem 3.2, we can generalize this result for a graph whose complement is an arbitrary bipartite graph. 
where 2k is the maximum length of induced cycles of G. Moreover, the following conditions are equivalent: Proof. Let G be a simple graph such that G is bipartite. Then, α(G) = 2. Since G is bipartite, it is known (see, e.g., [18] ) that, I P G is generated by f Γ where Γ is an induced even cycle of G. Note that deg f Γ = k if the length of Γ is 2k. Hence, by Theorem 3.2, we have a formula for µ(I Q G ). By this formula, it follows that (i) and (iv) are equivalent. Moreover, (iii) ⇒ (ii) ⇒ (i) holds in general. By Lemma 1.7, there exists a bipartite graph H such that
. By the theorem in [14] , I P H has a quadratic Gröbner basis if and only if µ(I P H ) ≤ 2. Thus, we have (i) ⇒ (iii).
If G is not bipartite, then condition (i) and (iii) in Corollary 3.4 are not equivalent. In order to construct an infinite family of counterexamples, the following proposition is important. (Proof is essentially given in [13, Proof of Proposition 1.6].) Proposition 3.5. Let P be a (0, 1)-polytope. If I P has a quadratic Gröbner basis, then the initial ideal is generated by squarefree monomials and hence P is normal. Proof. Since G has no triangles, we have α(G) = 2. By Proposition 3.1 and Theorem 3.2, it follows that I G = {0} and I Q G is generated by quadratic binomials. On the other hand, by Theorem 2.1, Q G is not normal. Thus, by Proposition 3.5, I Q G has no quadratic Gröbner bases.
The graphs in Theorem 3.6 are not strongly Koszul by the result in [7] . However, we do not know whether they are Koszul or not in general.
Remark 3.7. It is known [13, Theorem 1.2] that, if G is a simple connected graph and I P G is generated by quadratic binomials, then G satisfies the odd cycle condition and hence P G is normal.
It seems to be a challenging problem to characterize the graphs G such that α(G) > 2 and µ(I Q G ) ≤ 2. The following is a consequence of Proposition 1.9, Proof. Suppose that G does not satisfy one of the conditions above. If G does not satisfy condition (i), then let H be an induced subgraph of G whose vertex set is that of the even cycle. If G does not satisfy condition either (ii) or (iii), then let H be an induced subgraph of G whose vertex set is that of two odd holes. Then, α(H) = 2 and hence I Q H is not generated by quadratic binomials by Theorem 3.2 and [13, Theorem 1.2]. Thus, it follows from Proposition 1.9 that I Q G is not generated by quadratic binomials.
